In this article we study limits of Wigner distributions corresponding to sequences of solutions to the Schrödinger equation on a compact Riemannian manifold. After presenting some general results describing their structure, we give an explicit characterization of the set of such limits under an additional geometrical assumption on the manifold; namely, that its geodesic flow is periodic. Finally, we present some applications of these results to the study of the concentration of eigenfunctions of the Laplace-Beltrami operator. Among these, we show that any positive measure on the unit cosphere bundle of a compact rankone symmetric space that is invariant by the geodesic flow may be realized as the limit of the Wigner distributions of a sequence of eigenfunctions of the Laplacian. This extends a previous result of Jakobson and Zelditch on the sphere.
Introduction
The quantum-classical correspondence principle roughly states that quantum systems behave according to classical mechanics in the high-frequency limit. A particular case that has attracted special attention corresponds to taking as the underlying classical system the geodesic flow on a compact Riemannian manifold (M, g). Its quantum counterpart is the Schrödinger flow, i.e. the unitary group e it∆ generated by the Laplace-Beltrami operator ∆ on L 2 (M ). In order to relate the high-frequency properties of e it∆ to the geodesic flow, one tries to determine the limiting behavior of position densities |ψ h (t, ·)| 2 associated to solutions to the Schrödinger equation
issued from a sequence of highly oscillating initial data ψ h | t=0 = u h , as the characteristic length of the oscillations h tends to zero. One expects that in this limit the dynamics of |ψ h (t, ·)| 2 are somehow related to the geodesic flow.
Usually, it is preferable to consider instead of |ψ h (t, ·)| 2 the so-called Wigner distribution W h of ψ h defined on the cotangent bundle T * M . Given a solution ψ (t, ·) = e it∆/2 u ∈ L 2 (M ) and a positive constant h, its Wigner distribution W h (t, ·) acts on smooth, compactly supported test functions a ∈ C ∞ c (T * M ) as:
, a := (op h (a) e it∆/2 u|e it∆/2 u).
Above, (·|·) denotes the inner product in L 2 (M ) and op h (a) stands for the semiclassical pseudodifferential operator of symbol a obtained by Weyl's quantization rule (see Section 3 for precise definitions and further properties of these objects). The Wigner distribution behaves, in some sense, as a joint position and momentum density: it is real, although not necessarily positive, and its marginals are precisely the position and momentum densities of ψ (a detailed presentation may be found, for instance, in the book [17] ). Therefore, the limit of |ψ h (t, ·)| 2 may be recovered from that of W h (t, ·) simply by projecting on M . There are different regimes in which the correspondence principle can be made precise in the form of a rigorous result.
The semiclassical limit. Given a sequence of initial data (u h ) bounded in L 2 (M ), consider the corresponding time-rescaled Wigner distributions:
It is by now well-known that the Wigner distributions (3) converge as h → 0 + (after possibly extracting a subsequence) to a continuous family of positive measures µ (t, ·), called semiclassical or Wigner measures. It turns out that this limits are transported along the geodesic flow φ t on T * M :
Moreover, if (u h ) oscillates at some characteristic length-scale h (see hypothesis (6) in Section 2) then the position densities |e ith∆/2 u h | 2 weakly converge towards the marginal T * x M µ (t, x, dξ). This is the precise sense in which we recover classical dynamics as h → 0 + in this particular setting.
This kind of result holds in any compact Riemannian manifold, regardless of its particular geometric properties. However, only small times (of order h) are considered in the limit (4) . This prevents the dispersive nature of the Schrödinger flow to become effective. Since the proof of (4) relies essentially on Egorov's theorem, statement (4) still holds for times of order T h E := log (1/h); 2 that is, when rescaling the Wigner distribution as W h hT h E t, · , instead of (3). Eigenfunction limits. Another approach, somehow diametrically opposite to the semiclassical limit, consists of taking as initial data eigenfunctions of −∆. If (ψ λ k ) is a sequence of normalized eigenfunctions, −∆ψ λ k = λ k ψ λ k with λ k → ∞, then the corresponding solutions to the Schrödinger equation (1) 
After setting h = h k = 1/ √ λ k and taking limits in (5), a semiclassical measure is obtained (in this context, sometimes also called a quantum limit). Note that, since the Wigner distributions are time-independent, the limits of (5) are uniform in time. Moreover, quantum limits are invariant under the geodesic flow and are supported in the unit cosphere bundle S * M . The main issue in this setting consists in identifying the set of all possible invariant measures on S * M that can be realized as a quantum limit.
This problem is, in general, very hard and depends heavily on the specific geometry of the manifold under consideration. For instance, when the geodesic flow is ergodic the celebrated Schnirelman theorem asserts that for a sequence of eigenvalues of density one, (5) converges to the Liouville measure on S * M . Therefore, most sequences of eigenfunctions become equidistributed on M (see the original article of Schnirelman [30] and [35, 11, 23, 29, 1, 2] , among many others, for various extensions and improvements). In the case of completely integrable geodesic flow the situation is quite different. For instance, if (M, g) = T d , flat , Bourgain proved that the projection on x of any quantum limit is absolutely convergent with respect to the Lebesgue measure, but not necessarily constant. Further results on the structure of the set of densities associated to these quantum limits, as well as a proof of Bourgain's result, are presented in Jakobson's article [25] . On the other hand, Jakobson an Zelditch proved in [26] that, when (M, g) is the sphere S d equipped with the canonical metric, every invariant measure on S * S d may be realized as a quantum limit for some sequence of normalized eigenfunctions. For a more comprehensive account of the results quoted so far the reader may consult, for instance, [14, 28, 39] .
Times of order one. In this article we are interested in an intermediate regime. We shall analyze the structure of semiclassical measures arising as limits of Wigner distributions of solutions to the Schrödinger equation at times of order one. Note that this is equivalent to performing the semiclassical limit at times t h = 1/h = e T h E , much bigger than the Ehrenfest time. One should expect that the dispersive effects associated to the Schrödinger flow would have to be taken into account.
In fact, the highly oscillating nature of the propagator e it∆/2 prevents in general that (2) converge for all t ∈ R (Theorem 2 below gives an example of such a behavior). Therefore, we shall study the relations between time-averages of (2) and the semiclassical measures of their corresponding sequences of initial data. General properties of those limits are stated in Theorem 1. Then, we shall give a complete characterization of their structure under the additional assumption that all the geodesics of (M, g) are closed. This is the content of Theorem 2. These results are applied to study semiclassical measures corresponding to sequences of eigenfunctions to the Laplace operator in this particular geometries. In Theorem 6 we prove an asymptotic orthogonality result for eigenfunctions; Theorem 7 states that, under an additional hypothesis on the spectrum of the Laplacian, given any geodesic of M it is possible to find a sequence of eigenfunctions that concentrates on it. Finally, we show that for compact rank-one symmetric spaces the set of semiclassical measures associated to sequences of eigenfunctions of the Laplacian is precisely the set of positive measures on S * M that are invariant under the geodesic flow (Theorem 9).
Notation and conventions.
In what follows, (M, g) will always denote a compact, connected, d-dimensional smooth Riemannian manifold.
T * M and S * M stand for the cotangent and unit cosphere bundles on M respectively. Given a diffeomorphism Φ : M → N between smooth manifolds, we will denote byΦ :
The Riemannian norm of a point (x, ξ) ∈ T * M is denoted by ξ x .
The geodesic flow on T * M is the Hamiltonian flow induced by the Riemannian energy
x . It will be denoted by φ t .
The Riemannian measure in M will be denoted by dm. We shall write for short
; the scalar product of two functions u, v ∈ L 2 (M ) will be written as (u|v). The Riemannian measure induces a unique measure on T * M , that we shall denote by dm, characterized by: (i) its projection on M is dm; (ii) on every fiber T * x M it coincides with the Lebesgue measure.
The Riemannian gradient will be denoted by ∇; the Laplacian is denoted by ∆ := div (∇·). It is a self-adjoint operator on L 2 (M ). Its spectrum will be denoted by sp (∆); it is formed by an unbounded non increasing sequence 0 = λ 0 > λ 1 ≥ λ 2 .... Given λ ∈ sp (∆), ψ λ ∈ L 2 (M ) will be used to denote an eigenfunction of ∆ corresponding to the eigenvalue λ.
M (T * M ) (resp. M + (T * M )) denotes the space of Radon measures (resp. the cone of positive Radon measures) on T * M . The space M (T * M ) may be identified, by Riesz's theorem, to the dual of the space of continuous compactly supported functions C c (T * M ). A sequence of measures (µ n ) in M (T * M ) converges vaguely to some Radon measure µ as n → ∞ if and only if lim n→∞ T * M adµ n = T * M adµ for every n → ∞ and a ∈ C c (T * M ). A measure µ ∈ M (T * M ) is invariant by the geodesic flow if for any measurable set X ⊂ T * M one has µ (X) = µ (φ s (X)) for every s ∈ R. This can be equivalently stated as T * M adµ = T * M a • φ s dµ for every s ∈ R and a ∈ C c (T * M ). The space of compactly supported smooth functions on T * M will be written as C ∞ c (T * M ); its dual, the space of distributions on T * M , will be denoted by
will be simply referred to as weak convergence.
Given a set A ⊂ R, its characteristic function will be denoted by 1 A .
Statement of the results
Our first result describes some properties of the limits of Wigner distributions (2) in a general compact Riemannian manifold. See Section 3 for notation and background concerning pseudodifferential operators and Wigner distributions.
As it is also the case when dealing with the semiclassical limit, we shall assume that the admissible sequences of initial data (u h ) satisfy the h-oscillation property:
this roughly means that the energy of u h is concentrated on Fourier modes corresponding to eigenvalues in sp (−∆) of size at most R/h 2 . Moreover, we shall assume that their Wigner distributions converge to some semiclassical measure µ 0 ∈ M + (T * M ):
for every a ∈ C ∞ c (T * M ). This is always achieved by some subsequence (provided that (6) and (7). Then there exist a subsequence and a finite measure
ii) For every ϕ ∈ L 1 (R) and a ∈ C (M ) the evolved position densities satisfy:
iii) For almost every t ∈ R, the measure µ (t, ·) is invariant under the geodesic flow, i.e.
is invariant under the geodesic flow then, for every t ∈ R,
In order to obtain more detailed results we shall restrict the geometry of the compact Riemannian manifolds under consideration. We shall assume, in what follows, that (M, g) is a Zoll manifold, i.e. that all its geodesics are closed. We refer to the book [4] for a comprehensive study of this geometric hypothesis. Note that, in particular, the geodesic flow of a Zoll manifold is completely integrable (see for instance [16] ) and its restriction to S * M is periodic (as a consequence of Wadsley's theorem, see [4] ). Moreover, the structure of the spectrum of Zoll manifolds is rather well understood (see [10, 15, 32, 34, 36] and the discussion below). Related issues, as the analysis of the structure of eigenfrequencies for the damped wave equation [24] or the dispersive properties of the Schrödinger group and the well-posedness theory for the nonlinear Schrödinger equation [7, 8] in these geometries have also been the object of recent studies.
Given a function a ∈ C c (T * M ) we write a to denote the average of a along the geodesic flow:
Since every geodesic is periodic, the limit above always exists. Moreover, a is bounded and measurable. Therefore, given µ 0 ∈ M (T * M ) it is possible to define its average µ 0 by:
The next theorem characterizes, under a natural hypothesis on the initial data, the set of possible limits (8) . In particular it shows that such limits are a.e. constant in t and coincide with the set of finite, positive measures invariant under the geodesic flow. (6) and (7) . If µ 0 ({ξ = 0}) = 0 then the semiclassical measure µ given by (8) is characterized by:
Theorem 2 Suppose (M, g) is a manifold all of whose geodesics are closed. Let µ 0 be the semiclassical measure of some sequence
As a consequence, the set of measures that can be realized as a limit of the form (8) coincides with the set of finite measures supported on T * M \ {0} that are invariant under the geodesic flow.
The proof of Theorem 2 follows from a general result which relates smoothness properties of a with the behavior of semiclassical measures (see Lemma 17 in Section 4).
Remark 3 As it will be clear from the proof, Theorem 2 holds locally in the following sense. If the geometric hypothesis on (M, g) is replaced by the weaker:
there exist an open set Ω ⊂ T * M , invariant under the geodesic flow, such that φ s | Ω is periodic (on the cospheres ξ x =constant), then, one has µ (t, ·) | Ω = µ 0 | Ω for almost every t ∈ R.
Remark 4 The condition µ 0 ({ξ = 0}) = 0 roughly means that the sequence (u h ) cannot develop oscillations at frequencies lower than h −1 . It holds when
Remark 5 One easily checks that the limit (8) corresponding to the constant sequence
is given, for every t ∈ R, by:
Thus, the conclusion of Theorem 2 may not hold when µ 0 ({ξ = 0}) = 0.
Conditions (6) and (13) require the existence of a characteristic scale of oscillations on the sequences of initial data involved. However, as noticed by Gérard (see [22] , Example 2.3), it is possible to construct sequences in L 2 (M ), weakly converging (but not strongly) to zero, and such that no scale satisfying (6) and (13) exists.
General sequences of initial data (u h ) weakly converging to zero may be considered if one replaces the Wigner distribution in (7) and (8) by its non-rescaled counterpart ω h , acting on test symbols a ∈ C ∞ (S * M ) through:
For (14) to make sense, one replaces a by some smooth extension to T * M that is homogeneous in ξ (outside a compact ball). Whenever u h ⇀ 0, some subsequence of the (ω h ) converges towards a positive Radon measure on S * M whose properties are similar to those of semiclassical measures. This objects are known as microlocal defect measures or H-measures and have been extensively studied in recent years (see [18, 31] and also [6, 20] ). Theorems 1 and 2 have their analogues when semiclassical measures are replaced by microlocal defect measures. The corresponding proofs are very similar; close results may be found, for instance, in the appendix of [13] or in [21] , Section 4). Note, however, that semiclassical measures are in some sense more precise than microlocal defect measures, as the former are defined on the whole T * M . Moreover, under hypotheses (6) and (13) the latter can be obtained from the former (see [23] , Proposition 1.6). This is the case, for instance, when sequences of eigenfunctions of the Laplacian are considered.
The results presented so far can be applied to the study of semiclassical measures corresponding to sequences of eigenfunctions of the Laplacian. Recall that semiclassical measures corresponding to a sequence of eigenfunctions (ψ λ k ) with lim k→∞ λ k = ∞ and h = h k := λ −1/2 k are supported in S * M and invariant by the geodesic flow. The spectrum of −∆ in a Zoll manifold is an union of eigenvalue clusters (see [10, 15, 34] ):
with r k ∈ N and |ρ k,j | ≤ K for some β, K > 0 and every k ∈ N; L is the minimal period of the geodesic flow restricted to S * M (that is, the minimal common period velocity one geodesics in M ).
This particular structure of the spectrum allows the existence of sequences of eigenvalues λ 1 n , λ 2 n tending to infinity such that their difference tends to a positive constant. Our next result roughly states that their corresponding eigenfunctions concentrate on disjoint sets of T * M .
Theorem 6 Let
(M, g) a Zoll manifold. Suppose there are sequences λ 1 n , λ 2 n of eigenvalues of −∆, both tending to infinity, such that:lim k→∞ λ 1 k − λ 2 k = c = 0.
Then the associated eigenfunctions satisfy for every
The Laplacian on a Zoll manifold (M, g) is said to be maximally degenerate if every C k contains only one distinct eigenvalue (with multiplicity r k ).
The only known examples of such manifolds are the compact rank-one symmetric spaces (CROSSes) 3 and their quotients. To the author's knowledge, the problem of determining if any Zoll manifold with maximally degenerate Laplacian is isometric to any of the aforementioned examples is still open. See [38] for a thorough discussion on this issue.
It turns out that given any orbit γ ⊂ S * M of the geodesic flow in a manifold with maximally degenerate Laplacian it is possible to find a sequence of eigenfunctions whose semiclassical measure is δ γ , the Dirac delta on γ (i.e. the only probability measure supported on γ that is invariant by the geodesic flow). 
where
This kind of behavior is consistent with the fact proved by Zelditch [37] , Theorem A, that in manifolds with maximally degenerate Laplacians there exist orthonormal bases of eigenfunctions that do not become equidistributed 4 in S * M .
Remark 8
In fact, as it will be clear from the proof, the conclusion of Theorem 7 holds if the requierement of ∆ being maximally degenerate is replaced by the weaker assumption that the distance between any two distinct eigenvalues of ∆ is greater than some fixed constant δ > 0.
A consequence of Theorem 7 is that the set of quantum limits in a CROSS is the set of positive measures invariant by the geodesic flow. As mentioned before, this result was proved by Jakobson and Zelditch [26] in the case of the sphere equipped with the canonical metric. 
for every a ∈ C ∞ c (T * M ). Zelditch [36] 
Remark 10 As it will be clear from the proof of the theorem there exists an universal sequence (Λ n ) in sp(−∆) of density zero such that given any invariant measure µ the sequences of eigenvalues involved in (15) may be extracted from (Λ n ). This is consistent with the fact noticed by
The proofs of Theorems 1 and 2 may be found in Section 4; whereas those of Theorems 6, 7 and 9 are presented in Section 5.
Semiclassical measures
In this section we shall recall the necessary notions of semiclassical pseudodifferential calculus and semiclassical measures that will be needed in the sequel. We shall closely follow the presentation in [23] . Unless otherwise specified, we implicitly refer to [23] for complete proofs of the results presented in this section.
Semiclassical pseudodifferential operators on a compact manifold
The classical Weyl quantization rule on R d associates to any function a ∈ C ∞ R d × R d and any h > 0 an operator op h (a) acting on u ∈ C ∞ c R d as:
It turns out that, under suitable growth conditions on a, the operators op h (a) are uniformly bounded in L 2 R d when h ranges any compact set of the positive reals. In order to extend this rule to functions a ∈ C ∞ (T * M ) we shall do the following. Let κ : U ⊂ R d → V ⊂ M be a coordinate patch; assume that a is supported on T * M | V . Then define, for every h > 0, an operator op h (a) by the formula:
where a •κ is the expression of a in the coordinates κ and θ ∈ C ∞ c (V ) is identically equal to one on the projection of supp a on M . To deal with the general case it suffices to decompose the function a in compactly supported components using a partition of unity.
In what follows, we shall assume that a ∈ C 
the constant C > 0 being uniform in h ∈ (0, 1].
(B) The family op h (a) of operators is not completely determined by the function a -in fact, the result may depend on the partition of unity, the coordinate patches and the cut-off functions θ chosen. However the L 2 (M )-operator norm of the difference of any two families defined from a by means of the above procedure tends to zero as h → 0 + .
(C) The Laplacian of (M, g) may be expressed in terms of semiclassical pseudodifferential operators. One easily checks that
where m ∈ C ∞ (M ) is a function of x alone depending only on the derivatives up to order two of the Riemannian metric g. In a coordinate chart κ, the functions p, r are given by:
where ρ := √ det g. Therefore, p coincides with the squared Riemannian norm ξ 2 x and r = 1 2 {p, log ρ} ,
where {·, ·} stands for the Poisson bracket induced by the canonical symplectic structure on T * M .
The Weyl quantization rule enjoys a powerful symbolic calculus (see [14] for a thorough description). Some particular cases are the following.
and
(F) Functional calculus. For every σ ∈ C ∞ c (R) the following holds:
with z h L(L 2 (M)) ≤ Ch; see [8, 28] for a proof.
Wigner distributions and semiclassical measures
Given a function u ∈ L 2 (M ) we define its Wigner distribution
Property (E) of the Weyl quantization ensures that w h (u) is real. Moreover, the following result holds.
Proposition 11 Let (u h ) be a bounded sequence in L 2 (M ). Then for some subsequence (which we do not relabel) the Wigner distributions w h (u h ) converge to a finite, positive Radon measure
Note that property (B) of op h (·) ensures that the limit µ does not depend on the partitions of unity, coordinate charts, and cut-off functions used to define op h (a).
Whenever (20) holds, we say that µ is the semiclassical measure of the sequence (u h ). If in addition the sequence satisfies the h-oscillation property (6) then |u h | 2 dm tends to the projection on M of µ as h → 0 + .
Proposition 12 Let µ be the semiclassical measure of an h-oscillating sequence
The proof of this result combines that of Proposition 1.6 in [23] with the functional calculus formula (19) . An analogous reasoning may be found in the proof of Theorem 1, ii).
We shall also use the following additional properties of semiclassical measures. 
Proposition 13 Let
is some other sequence with semiclassical measure ν and µ ⊥ ν holds 5 , then the semiclassical measure of the sum (u h + v h ) is precisely µ + ν.
The proof of property ii) can be found in [19] . Statement i) is a straightforward consequence of the results in [23] .
Although real, the Wigner distribution of a function u ∈ L 2 (M ) is not positive. At some point we shall need to approximate semiclassical measures by means of positive densities. Let us recall how this can be achieved. Let (U, κ) be a coordinate system and take a ∈ C
Finally, consider the density acting on a by:
One extends H h (u) to the whole T * M using a partition of unity. The function H h (u) ∈ L 2 (T * M ) is called the Husimi or wave-packet transform of u. The following holds.
In fact, for any a ∈ C ∞ c (T * M ) one has:
where the wave-packet quantization is defined by op
see [23] . This is in fact how the positivity of the limit in (20) is usually proved.
We conclude this review of semiclassical measures examining a specific computation of the semiclassical measure of a wave-packet. Let (x 0 , ξ 0 ) ∈ T * M and (U, κ) a coordinate system centered at x 0 (i.e. 0 ∈ U and κ (0) = x 0 ). Let Ψ ∈ C ∞ c (κ (U )) be identically equal to one near x 0 and let ϕ ∈ C ∞ (M ) be a function such that for x ∈ U ,
where κ * (ξ 0 ) stands for the pull-back by κ of the covector
The sequence (v h ) is called a wave-packet (or a coherent state) centered at (x 0 , ξ 0 ). A simple computation shows the following.
Proposition 15
The sequence (v h ) is h-oscillatory and has a semiclassical measure µ = δ (x0,ξ0) .
Using Proposition 13, ii) and the preceding result one sees that every linear combination of delta measures in T * M can be realized as the semiclassical measure of some sequence in L 2 (M ). Since these combinations of point masses are dense in M + (T * M ), by the Krein-Milman theorem, we conclude that every finite, positive Radon measure on T * M can be realized as the semiclassical measure for some sequence in L 2 (M ).
Proof of Theorems 1 and 2
Proof of Theorem 1. Let ψ h (t, x) := e it∆/2 u h (x) and consider the corresponding sequence of time-space Wigner distributions
, therefore it is possible to extract a subsequence (which we shall not relabel) such that
It turns out (see [5, 23] ) that the limitμ is a positive Radon measure on
where , ξ) and the remainder r is defined as follows. Set σ R (τ ) := 1 − χ (τ /R); standard arguments of semiclassical pseudodifferential calculus give
We have used the notation σ R h 2 D t to denote the operator op h 2 (σ R ) acting on functions defined on R t . Clearly,
and (6) ensures that lim sup h→0 + r (R, h) tends to 0 as R → ∞. Taking limits in (22) , first in h → 0 + then R → ∞, we conclude:
Note that, because of the bound:
convergence in (23) actually takes place for any ϕ ∈ L 1 (R) and the limit is in L ∞ (R; M + (T * M )). Therefore, the measure µ (t, x, ξ) := Rμ (t, x, dτ, ξ) fulfills the requirements of i).
To prove ii) we start noticing that e it∆/2 u h 2 is bounded in L ∞ R; L 1 (M ) ; this ensures existence of the limit in (9), eventually for a subsequence. In order to identify the limit it is better to work locally in a coordinate patch κ :
From the functional calculus identity (19) and the h-oscillation property (6) one deduces that hypothesis (6) implies that, for any θ ∈ C ∞ c (V ) and ϕ ∈ L 1 (R), the sequence (θψ h • κ) enjoys the (euclidean) h-oscillation property:
From this it is easy to conclude (9) following the same lines of the proof of i) (see also [23] ). A direct computation shows:
Given ϕ ∈ C ∞ c (R), identities (24) and (18) ensure:
. Taking limits, we conclude that for every a ∈ C ∞ c (T * M ) and almost every t ∈ R:
and therefore prove iii).
If the symbol a is φ s -invariant then {a, p} = 0; in this case, (18) and (24) give:
. Taking imaginary and real parts, we infer, respectively:
and, for every t ∈ R,
which is precisely (11).
Remark 16 Equation (25) does not give any new information about the semiclassical measures µ (t, ·). Applying Jacobi's identity, formula (17) , and using the invariance of a we obtain:
Therefore (25) may be restated as T * M {p, {log ρ, a}} dµ = 0, which was already deduced from the invariance property (10) .
Now we turn to the proof of Theorem 2. Our first remark concerns the case in which the average a of a symbol is smooth.
Lemma 17 Let µ and µ 0 be as in Theorem 1. Suppose that
Proof. From statement iv) in Theorem 1 we infer, noticing that a is necessarily φ s -invariant, that, for a.e. t ∈ R,
Now, taking into account that µ (t, ·) is φ s -invariant for a.e. t ∈ R and using the dominated convergence theorem, we deduce:
Assume that all the geodesics of (M, g) are closed. This implies (see [4] ) that there exists L > 0 such that, for every (x, ξ) ∈ T * M with ξ x = 1, the geodesic
is L-periodic. As a consequence of homogeneity, the geodesic corresponding to a general (
Proof of Theorem 2. Let a ∈ C ∞ c (T * M ) vanish in a neighborhood of {ξ = 0}. Due to the periodicity of the geodesic flow, the average of a equals:
for every (x, ξ) ∈ T * M . It follows that a is a smooth function; using lemma Lemma 17 we conclude that, for a.e. t ∈ R the measures µ (t, ·) and µ 0 coincide on T * M \ {0}. Since M is compact, (9) implies that, again for a.e. t ∈ R, the total masses of µ (t, ·) and µ 0 are equal; on the other hand, µ 0 (T * M ) = µ 0 (T * M ) by construction. Finally, as µ 0 ({ξ = 0}) = 0 we must necessarily have µ 0 ({ξ = 0}) = 0. As a result, µ (t, {ξ = 0}) = 0 and formula (12) follows.
The second assertion is a consequence of the fact that any finite, positive Radon measure µ 0 ∈ M + (T * M ) can be realized as the limit (7) for some L 2 (M )-bounded sequence (u h ) satisfying (6) (see the discussion following Proposition 15).
Limits of eigenfunctions. Proofs of Theorems 6, 7 and 9
Proof of Theorem 6. Write h k := 1/ λ 1 k and consider the sequence:
We have for every ϕ ∈ L 1 (R):
Consider a converging subsequence:
where ν is some a priori complex measure. Then, taking limits in (26), we get, by Theorem 2 and taking into account that (u h k ) satisfies (13) :
for some real measure µ. Since ϕ is arbitrary, we necessarily must have ν = 0.
Proof of Theorem 7. Let γ ⊂ S * M be an orbit of the geodesic flow issued from a point (x 0 , ξ 0 ) ∈ S * M ; let h k := 2 −k and take a wave-packet (v h k ) centered at (x 0 , ξ 0 ). Propositions 15 and Theorem 2 ensure that the semiclassical measure of the sequence e it∆/2 v h k is precisely δ γ . Taking this into account and using Proposition 14 and identity (21) we deduce: 
Since ∆ is maximally degenerate, the distance between any two distinct eigenvalues is greater than some constant δ > 0. Suppose that ϕ (0) = 1 and supp ϕ ⊂ (−δ/2, δ/2). Clearly,
Now, µ is a probability measure (see Proposition 12) that is invariant by the geodesic flow. Moreover, identity (31) ensures that µ (T * M \ γ) = 0 which implies µ = δ γ . By construction, h kn √ λ n ∈ (1/2, 1); if c ∈ [1/2, 1] is a limit point of this sequence then we have, along a suitable subsequence, The proof of Theorem 9 requires the following geometric characterization of CROSSes due to Wang [33] .
Theorem 18 If (M, g) is isometric to a CROSS then it is a two-point homogeneous space.
In other words, given points p 1 , p 2 , q 1 , q 2 ∈ M with dist(p 1 , p 2 ) = dist (q 1 , q 2 ) there exists an isometry Φ : M → M such that Φ (p i ) = q i , i = 1, 2.
Moreover, this property characterizes CROSSes among compact connected Riemannian manifolds.
The property of being a two-point homogeneous space may be equivalently restated as the following. Taking into account that γ 1 ∩ γ 2 = ∅ we conclude, using Proposition 13, ii), that
Lemma 19 A Riemannian manifold (M, g) is a two-point homogeneous space if and only if given
Λn ⇀ α 1 δ γ1 + α 2 δ γ2 = µ, as n → ∞.
This proves the theorem. 
